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Four-dimensional (4D) simplicial quantum gravity coupled to both scalar fields (Nx) and gauge fields (Na) 
has been studied using Monte-Carlo simulations. The matter dependence of the string susceptibility exponent 
7 < 4 > is estimated. Furthermore, we compare our numerical results with Background-Metric-Independent (BMI) 
formulation conjectured to describe the quantum field theory of gravity in 4D. The numerical results suggest 
that the 4D simplicial quantum gravity is related to the conformal gravity in 4D. Therefore, we propose a phase 
structure in detail with adding both scalar and gauge fields and discuss the possibility and the property of a 
continuum theory of 4D Euclidean simplicial quantum gravity. 



1. Introduction 

4D Euclidean Simplicial Quantum Gravity (4D 
Eucl. SQG) has been investigated from several 
points of view. As a first step, the phase dia- 
gram in case of pure gravity has been studied nu- 
merically. Especially, it has been shown that the 
phase structure in case of pure gravity has two 
distinct phases, the crumpled phase and the elon- 
gated phase, and the phase transition between the 
two phases is shown to 1st order. Moreover, the 
string susceptibility exponent (7 < - 4 * ) ) takes posi- 
tive value at the critical point. As a result, it is 
difficult to construct to a continuum theory. 

For the next stage, the case of adding gauge 
matter fields has been intensively investigated jl], 
|[. Then, the phase structure changes drasti- 
cally with adding gauge matter fields, the smooth 
(crinkled) phase with negative 7*- 4 ) was found 
even for Na > 1 1§[ ■ And the phase transition be- 
tween the crumpled phase and the smooth phase 
has been shown to be continuous ||. We consider 
that the dynamical triangulated manifold is sta- 
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ble with adding some matter fields. It is expected 
that the 4D Eucl. SQG coupled to matter fields 
reaches to the continuum theory. 

Numerical results indicate that the 4D Space- 
time becomes stable with adding the matter 
fields. It is supported by the analytical calcula- 
tions of 4D conformal gravity . We emphasize 
that the analytical calculations from 4D confor- 
mal filed theory are similar to numerical ones in 
case of adding matter fields. In this article, we 
would like to clarify the relation between 4D con- 
formal field theory and 4D Eucl. SQG, quantita- 
tively. 

We consider that 7^ 4 - > , as well as 7*- 2 - ) in 2D, 
is given by a function of the number of matter 
fields, 

7 (*)= 7 W(JV x + 62JVa). (1) 

Coefficients for the number of fields relates to the 
central charge of the model and can be calculated 
exactly from 4D conformal field theory. In order 
to investigate the relation between 4D Eucl. SQG 
and the quantum field theory of gravity, we esti- 
mate the matter dependence for 7 ^ 4 - ) by numeri- 
cal simulation with adding scalar fields (Nx) and 



gauge fields (Na). 



2. Model 

The action S is given on the 4D simplicial man- 
ifold as, 

S = S g +Sa + S x , (2) 

where Sq, Sa and Sx denote the action of the 
gravity part, the U(l) gauge fields (A) and scalar 
fields (X), respectively. For the gravity part, we 
use the discritized Einstein-Hilbert action in 4D, 

Seh[k2, K4] = K4N4 - k 2 N 2i (3) 

where N denotes the number of i-simplex. The 
two parameters, k 2 and K4, correspond to the in- 
verse of the gravitational constant and the cos- 
mological constant, respectively. The action, 

S A = J2 k ) (Aj + A jk + A kl ) 2 , (4) 

corresponds to that of gauge matter fields, where 
Aij is the non-compact gauge field defined on the 
link I between vertices i and j with the sign con- 
vention, — —Aji. The weight factor o(Ujk) 
is given by the number of 4-simplices sharing the 
triangle tijk- We also add massless scalar fields, 

S x = Y,{Xi-Xj)\ (5) 

ij 

where is the scalar field defined on the vertex 
i. Then the partition function is given as, 

Z(Ka, «4, N a , N x ) = e- 5c(K2 ' K4) 

T 

n ( f u dA ^' SA(A,) I u dx ^ sx{Xi} ) ■ ( 6 ) 

We sum over all 4D simplicial triangulation (T) 
in order to carry out a path integral about the 
metric. Here, we fix the topology with S 4 . Mea- 
surements are made at every 100 sweeps. 

3. Matter Dependence of 4D Simplicial 
Quantum Gravity 

In this section, we report on the matter de- 
pendence of We measure by using the 
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Figure 1. The string susceptibility exponent 7^) 
plotted for various numbers of scalar fields (Nx) 
versus the coupling constant (k 2 )- 

MINBU method. In Fig.|], we plot 7^ for various 
numbers of scalar fields versus k 2 . It is clear that 
7^ 4 ) becomes negative with adding scalar fields, 
which is similar to the case of adding gauge fields. 

Then, the matter dependence of 7^ 4 -* is shown. 
In Fig.^J, we plot versus the numbers of scalar 
fields (Nx)- In order to see the matter depen- 
dence of 7 < - 4 '\ we compare two different cases 
which are the case of no scalar fields (Na = 0) 
and the case of adding one gauge field (Na = 1). 
For both of these cases, we measure 7^ for vari- 
ous numbers of scalar fields and plot both of the 
results for Na = and Na — 1, respectively in 
Fig.|^. As compared both of the results, the case 
of Na = 1 can be corresponded to that of Na = 
with shifting Nx — » Nx + 62 x 1. Furthermore, 
we also plot the results of Na = 1 and Na = 2 
with no scalar field Nx — 0. Both of these results 
are placed on the results of Na = with varying 
numbers of scalar fields (Nx)- 

Our numerical results suggest that 7^ is the 
function of the number of scalar fields (Nx) and 
gauge fields (Na), 

7W =^(N X + 62N A ). (7) 

Moreover, the coefficient 62 corresponds to the 
result of 4D conformal field theory 
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Figure 2. The string susceptibility exponent 7*- 4 ) 
plotted versus numbers of scalar fields (Nx)- 

4. Summary and Discussions 

Let us summarize and discuss the main points 
made in the previous section. We measure 7 4 for 
various numbers of scalar fields {Nx)- In Fig.^J, 
we show that the matter dependence of is 
given as, 7 (4) = 7 (4) (N X +62N A ). The coefficients 
62 is equivalent to the result of 4D conformal field 
theory. Numerical results suggest that 4D Eucl. 
SQG is related to the conformal gravity in 4D. 

Furthermore, we compare our numerical results 
with BMI formulation to describe the quantum 
field theory on a non-dynamical background met- 
ric theory of gravity with the dynamics of the 
traceless mode as well as the conformal mode in 
4D§§. 

In order to compare the results of BMI formu- 
lation with 4D Eucl. SQG, we focus the mat- 
ter dependence of 7^ 4 - ) . From BMI formulation, 
Tbmj can b e estimated as, 
(4) b_ 

i BMI 00 „ ' 



(8) 



with the ambiguity of the volume definition. The 
quantity b plays the role of the central charge in 
BMI formulation and a is the dimension of the 
cosmological constant. We show the numerical 
result at the near critical point in Fig.|| 

Numerical results show the fact that 7^ 4 -* is pro- 
portional to b/a. It corresponds to the estimation 




N,=64 
^"=1.37(1) 



• N fl =0 N x : 
-y |4| ~b/a k 2 c, =1.45(1) 



0.60 



0.70 

b/a 



0.80 



(4) 



Figure 3. The string susceptibility exponent 7 
plotted versus b/a. 



from BMI formulation. Then, 7W is given as the 
function of the quantity b that plays the role of 
the central charge in 4D. It is the same situa- 
tion as 7^ 2 ) is given as the function of the central 
charge c in 2D. 

Numerical results suggest that 4D Eucl. SQG 
coupled matter fields relate to the conformal in- 
variance in 4D and BMI formulation. It should be 
clear that a continuum theory of 4D Eucl. SQG 
depends on dynamics of the traceless and confor- 
mal mode. Moreover, we expect that the proper- 
ties of 4D quantum gravity are similar to those of 
2D quantum gravity. 
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